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Abstract
We give a "nite presentation of the mapping class group of an oriented (possibly bounded) surface of genus
greater or equal than 1, considering Dehn twists on a very simple set of curves.  2001 Elsevier Science Ltd.
All rights reserved.




be an oriented surface of genus g*1 with n boundary components and denote by
M

its mapping class group, that is to say the group of orientation preserving di!eomorphisms of














For a simple closed curve  in 

denote by  the Dehn twist along . If  and  are isotopic,
then the associated twists are also isotopic: thus, we shall consider curves up to isotopy. We shall
use greek letters to denote them, and we shall not distinguish a Dehn twist from its isotopy class.
It is known that M

is generated by Dehn twists [2,10,11]. Using the result of Hatcher and




with the minimal possible
number of twist generators given by Humphries in [7]. In [3], the author gave a presentation
considering either all possible Dehn twists, or just Dehn twists along non-separating curves. These
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Fig. 1.
Notation. Composition of di!eomorphisms in M

will be written from right to left. For two
elements x, y of a multiplicative group, we will denote indi!erently by x or x the inverse of x and
by y(x) the conjugate yxy of x by y.




(we may on occasion omit the




























is the ith boundary component. Note that H

is a subset of G

.
Finally, a triple (i, j, k)31,2,2g#n!2	 will be said to be good when:
(i) (i, j, k)  (x,x,x)/x31,2, 2g#n!2		,
(ii) i)j)k or j)k)i or k)i)j.
Remark 1. For n"0 or 1, Humphries' generators are the Dehn twists relative to the curves ofH.
We will give a presentation ofM

taking as generators the twists along the curves in G. The
relations will be of the following types.
The braids: If  and  are two curves in 

which do not intersect (resp. intersect in a single
point), then the associated Dehn twists satisfy the relation " (resp. ").
The stars: Consider a subsurface of 




















704 S. Gervais / Topology 40 (2001) 703}725
Fig. 2.
Note that if 

bounds a disc in 

, then this relation becomes
()" .
The handles: Pasting a cylinder on two boundary components of 

, the twists along these
two boundary curves become equal in 

.
Theorem 1. For all (g, n)3NHN, (g,n)O(1,0), the mapping class groupM

admits a presentation
with generators b, b






for all i, 1)i)g!1,
(T) `braidsa: for all x, y among the generators, xy"yx if the associated curves are disjoint and















b) for all good triples (i, j, k), where c

"1.
Remark 2. It is clear that the handle relations are unnecessary: one has just to remove
c





denote the group with presentation given by Theorem 1. Since the set of generators for
G

that we consider here is parametrized by G

, we will consider G






will also be considered as a subset of G

.





is devoted to the proof of Theorem 1 when n"1. Finally, we conclude the proof in Section 3 by
proving that G

is isomorphic to M

.
1. Generators for G

In this section, we prove the following proposition.
Proposition 1. G

is generated by H

.
We begin by proving some relations in G

.
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) are consequences of (E

), and that the star relation (E

) is a consequence of (E

)
when iOj. Thus, one just needs relations (E

) with good triples (i, j, k) such that i)j)k. This
will be used latter for proving Lemma 6.
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(iv) One has just to apply the star and braid relations. 



































































































































































































































































are elements of H for all i,
1)i)g!1.




































are also inH. Recall that by




3H. Applying Lemma 4, respectively, with
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(c) It remains to prove that c

3H for all i, j.
c.1. By de"nition of H and case (a), one has c

3H for all i such that 1)i)2g#n!3.




are elements of H for all j such that 2)j)2g#n!2.





































b), which gives c

3H.




3H for all i, 1)i(j. Once




























b), which gives c

3H. 
2. Proof of Theorem 1 for n"1
Let us recall Wajnryb's result:
Theorem 2 (Wajnryb [12]). M

admits a presentation with generators /3H	 and relations
(I) " if  and  intersect transversally in a single point, and " if  and
 are disjoint.
(II) ()" where " ().
(III) "t ttttt where
t

" , t" ,
"(), "  t ()
and "   ().
Remark 5. When g"1, one just needs relations (I). Relations (II) and (III) appear, respectively, for
g"2 and 3.




the map which associates to each generator a of G

the correspond-
ing twist  . Since relations (A), (T) and (E ) are satis"ed in M ,  is an homomorphism.




de"ned by ( )"a for all 3H.
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Lemma 5.  is an homomorphism.
This lemma allows us to prove Theorem 1 for n"1. Indeed, since M

is generated by
/3H	, one has  "IdM . On the other hand, a/3H	 generates G by Proposi-




Proof of Lemma 5. We have to show that relations (I)}(III) are satis"ed in G

. Relations (I) are
braid relations and are therefore satis"ed by (T). Let us look at relation (II). The star relation
(E









. Thus, relation (II) is satis"ed in G

if
and only if ()"c

























































































































































b. To prove that relation (*) is satis"ed in G , we will see that it is exactly the






















. This will be done by proving
























, (7) hXM (a

)"m.
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 Johnson asserts that, if g*2, the kernel of f

is isomorphic to the fundamental group of ;

, the unit tangent
bundle of 





, p) is centerless (see













































































































































































This concludes the proof of Lemma 5. 
3. Proof of Theorem 1
We will proceed by induction on n. Thus, suppose that g*1, n*2, and consider the exact












is de"ned by collapsing 


with a disc centred at p and by extending each map over the
disc by the identity. One has f

(k)" for all k3Z, and, if  is the homotopy class of a simple




() is equal to the spin map  , where  and  are the two boundary
components of an annulus on 

which contains the collapsed disc (see [9] for the details).
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Let us denote by a

,2, a, b, b ,2, b , (c ) the generators of G cor-
responding to the curves in G


































































Lemma 6. For all (g, n)3NHNH, g

is an homomorphism.
Proof. We have to prove that the relations in G





. Since for all i such












, this is clear for the
handle relations.
So, let , be two elements of G

which do not intersect (resp. intersect transversally in a single
point). If l and m are the associated elements of G





























, these relations are precisely braid
relations in G













(l)"1 and relation () is satis"ed in G










). The curves in G

which are disjoint from  are , 








. Let us look at the di!erent cases:





























) by the braid relations in G

.





























Now, let us look at the star relations. For i, j, kO2g#n!2, (E






star relation in G

involving the same curves. For all i, j such that 2)i)j(2g#n!2,
(E

) is sent to (E

). Next, for 2)j(2g#n!2, (E
















), the relation (E






by Lemma 2. This concludes the proof by Remark 3. 
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Since relations (T), (A) and (E

) are satis"ed in M








which associates to each a3G

the corresponding twist  . Since we view  as
a subsurface of 


















is an isomorphism for all g*1 and n*2.
In order to prove this proposition, we will "rst give a system of generators for ker g

. Thus, we





















































Lemma 8. For all (g, n)3NHNH, ker g






Proof. Let us denote by K the subgroup of G


















), one has KLker g

. In order to prove the equality, we shall prove that
g




























for all iOj, 1)i, j)2g#n!3,
where, for x3G

, x denote the class of x inG










as a subset of G

. Thus, k appears to be clearly
a morphism. Let us prove that k &g

"Id.
Denote by H the subgroup of G

/K generated by bI , bI






	. Since, by de"nition of g

and k, one has k  g

(x )"x for all x 3H, we just need
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to prove that G

/K"H. We know that G

/K is generated by x /x3G

	; thus, the following


















































































 In the same way, using the lantern relation (L







Lemma 9. For all (g, n)3NHNH, ker g








Proof. By Lemma 8, ker g





. Furthermore, by the braid
relations, d

is central in G






we have to prove that gx

g3K for all g3G





By Proposition 1, G














,2, a , d ,2, d	. Since, by the braid relations, d ,2, d are central in G , we
have to prove that y(x

) and y (x






























































by the braid relations.


























































































































































































































































) by case 1.
 Each y3b









Case 3: k32, 2g,2, 2g#n!3	.
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) by case 2.
 Each y3b

,2, b , c ,2, c , c	 commutes with x for k"2, 2g,2, 2g#n!3
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Case 4: k"3.











































































































































































































































































































,2, b , c	 ,2, c	.
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,2, e"c, e"b ,
so that, for i33,2, 2g!1	, x"e (x ).


















































































































, commutes with e






























seen in case 4 that this equally is satis"ed at the rank k"3. Suppose it is true at the rank
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,2,x is free of rank 2g#n!2 and the restriction of   h to this
subgroup is an isomorphism.
Now, for every element x of ker g

, there are, by Lemma 9, an integer k and an element f of




is central in ker g








is one to one. But h

is also onto. This concludes the proof. 
Proof of Theorem 1. In Section 2, we proved that 

is an isomorphism. Thus, by the "ve-lemma,
Proposition 7 and an inductive argument

is an isomorphism for all n*1. In order to conclude
the proof, it remains to look at the case n"0.
Consider once more the commutative diagram
Wajnryb proved in [12] that ker f

is normally generated by  and  . Thus, since kerg is






(Lemma 8), we conclude that h

is still an isomorphism.




This paper originates from discussions I had with Catherine Labrue`re. I want to thank her.
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